INTRODUCTION
In this paper we consider a multilayer coating composed of metamaterials (MTMs) [1] [2] [3] [4] [5] on a dielectric or conducting sphere for the purpose of ultra wide band reduction of its radar cross section (RCS) [6] [7] . Application of common materials to the coatings of objects does not by themselves alone provide an ideal method for the reduction of RCS. On the other hand, combination of common materials and metamaterials provide an effective means for the reduction of RCS.
Here metamaterials are used as radar absorbing materials (RAMs) [8] [9] [10] , which may be used for the reduction of RCS, and also wall coatings inside anechoic chambers, antenna coatings for side lobe level reduction, and shielding against electromagnetic interference in high frequency circuits.
Dispersive models of metamaterials, such as Lorentz, Drude and resonance models are used for the analysis and design of MTM multilayer coatings [11] [12] which are thus physically realizable, because they satisfy the causality relations (as the Cramers-Kronig relations).
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FORMULATION OF THE PROBLEM
The frequency selective surfaces which transmit the visible light have many applications such as the transparent antennas and the design of electromagnetic shield windows.
Consider a sphere of radius 1 r coated by several concentric spherical coatings of radii , 2,3,...
as shown in Fig.1 . The inner sphere may be composed of a perfectly electric conductor, dielectric material or metamaterial (MTM). The coating layers are made of homogeneous and isotropic materials or MTMs [19] [20] . r TM H  modes [13] . In this manner, the Hertzian potentials satisfy the scalar wave equations, However, we prefer the boundary conditions to be functions of only one Hertzian potential, namely
We may obtain such relations by a linear combination of the fields.
Consequently, the continuity of the following quantities are arrived at the boundaries:
We then express the incident plane wave in terms of the expansions of spherical functions for the radial Hertzian potential using the addition theorems [13] . 
Where the surrounding medium in free space is denoted by 1 iN  and (8) 
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 , the first subscript m refers to the layer and the second one refers to the mode 1,2.
n 
We now express the Hertzian potentials in the spherical layers by the sum of spherical Bessel and Hankle functions as:
We then consider the case of a PEC sphere. The tangential electric field on the surface of sphere should be zero. Specifically, for (11) we have (12) '' 1 1 1 1
We use the following identity (13) 
For the second relation in (15), we have
Finally, for the boundary between the outer coating and the free space, we have (18) 
r r r r r r r r (9) and (10), we have (19) 
Consequently, the boundary conditions may be written as a matrix equation; 
For the magnetic Hertzian potential, in the first line, the derivatives are replaced by the functions,  is replaced by  and
With the large argument relations for the spherical Hankle functions, we have
The field components are (23)     ( 1) sin are given in Table 1 [11] .
Various types of materials and metamaterials are used for radar absorbing materials (RAMs). These materials may be lossy or lossless and they may be considered nondispersive or frequency dispersive.
The various dispersion models for materials and metamaterials are given in Table 2 
The main objective of the paper is to determine the parameters of dispersion relations for the extremization of RCS from spherical structures. We have not deal with the microscopic nature of metamaterials and the methods of their realizations, even though such a topic is discussed in the literature [18] .
For the design of multilayer spherical coatings, an error function is constructed for the realization of a specified value of RCS [22] . i , and the parameters of the dispersion relations. For the minimization of the error function, we use the combination of the genetic algorithm (GA) [23] [24] and conjugate gradient method (CG) [25] to benefit from their advantages and avoid their disadvantages. The minimization procedure starts by GA which is a global extremum seeking algorithm and does not depend on the initial values of the variables, but it is quite time consuming.
Consequently, the GA is aborted prematurely. Then, the CG is activated, which is a local extremum III.
NUMERICAL RESULTS
We study the scattering properties of a sphere covered by multilayer spherical shells through several examples here.
We use dispersion relations for  and  in all of our examples. However, in some examples we use nondispersive situations along the dispersive cases for comparison and emphasis of the main differences. We observe that the dispersive cases have far better results than the non-dispersive cases.
We have selected distinct objectives for each example, which span over different characteristics, such as minimization of RCS, maximization of RCS, achievement of some specified pattern, single or multilayered spherical shapes, use of common materials, metamaterials or their combinations, inclusion of various dispersion relations and nondispersive materials.
We have used an exact analytical method without any approximation, which is the generalization of the addition theorem and Mie method for the multilayer spherical structures.
Our computer programs are exact, whereas the commercial simulations softwares (such as HFSS and CST) may encounter difficulties at critical points, say 0  , as we have observed.
Any slight discrepancy between our results and those of the commercial softwares is certainly due to their approximations, because our formulation and results are analytically correct. Its RCS is computed by our algorithm and obtained by the CST software.
They are drawn in Fig.3 versus q . . Our results are also verified by those in the literature [13] . The RCS is minimized by the proposed algorithm with respect to the thickness of coating and the parameters of its material. Their optimum values are given in Table 3 .
The RCSs are drawn versus frequency in Fig. 4 . Observe that drastic reduction of RCS is achieved by the application of a coating on the PEC sphere. function in Eq.26, which is actually our design criterion. We have also benefited from the conclusions of our analysis of the multilayer planar structures [18] for the solution of the spherical problem.
Example 5. Reduction of backward RCS inside a beam width at a single frequency
Consider a PEC sphere of radius equal to 5cm , coated by a layer of material. figures RCS is shown in the same coordinate system described in Fig. 1 So x, y, z are the same with the ones in Fig. 1 . Distance of every point of RCS pattern surface with a specific angular direction from the origin of coordinates indicates RCS magnitude in that specific direction (angle). The 3-D diagram of the scattered field pattern of the structure is drawn in Fig.9 . RCS magnitude is shown on the pattern surface with a relevant color. The color of a point on the surface gives a decent estimate of RCS in its angle: blue points have smaller RCS and red points have larger RCS. In figure 9 , since the wave is incident in -z direction and optimization is carried out in the angles of 150<theta<180, the extension of RCS pattern is nearly zero in -z direction and color of the surface is close to blue in this region. By moving toward +z direction, distance of the pattern surface from the coordinates' origin increases and the color of the surface turns to red which shows reduction of RCS in 150<theta<180. Based on your comment this discussion is added to the paper. Table 4 .
The backward RCS of the three cases, namely a bare sphere, one with DNG-DPS bilayer coating and one with ENG-MNG bilayer coating are minimized and drawn in Fig. 11 .
Observe that the RCS has drastically decreased by the application of MTMs and also by two layers of coatings with noticeably lower thickness than one layer with considerably higher thicknesses. structures. The proposed method was applied to a PEC sphere, which may be considered as a canonical shape of more complex structures, yet it may be applied to other geometries too.
